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Abstract. In this paper, we obtain some analogs of Favard, Baxter, Geron- 
imus, Rakhmanov, Szego and the strong Szego theorems appeared in the theory 
of orthogonal polynomials on the unit circle (OPUC) for orthogonal trigono- 
metric polynomials (OTP). The key tool is the mutual representation theorem 
for OPUC and OTP. 



1. Introduction and Preliminaries 

In pQ, to investigate Riemann-Hilbert analysis, the author and his collaborator 
established a mutual representation theorem for OPUC and OTP which relates 
the isolated two classes of orthogonal polynomials and gave four-term recurrence, 
Christoffel-Darboux formula and some properties of zeros for OTP as its applica- 
tions. In fact, by the mutual representation theorem and the theory of OPUC, 
we can get more analogous results appeared in the theory of OPUC for OTP such 
as Favard, Baxter, Geronimus, Rakhmanov, Szego and the strong Szego theorems, 
which is the theme of the present paper. To do so, we need to introduce some 
notations as in pQ. 

Let D be the unit disc in the complex plane, <9B be the unit circle and n be a 
nontrivial probability measure on dD (i.e., with infinity support, nonnegative and 
H(dD) = 1). Throughout, by decomposition, we always write 

dr 

dfl{ T ) =w{T)—+dVs(T), (1.1) 

where r G dD, w(t) = 2iriTdfi ac /dT and d[i s is the singular part of dfi. 
Introduce two inner products, one is complex as follows 



(f,9k= / f(r)g(r)dn(T) (1.2) 



9E 



with norm ||/||c = [J do (/(t^c^t)] 1 / 2 , where f,g are complex integrable func- 
tions on dD. The other is 

(/,0>r= / f(T)g(TW(T), (1.3) 
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with norm ||/||m = [J do |/(t)| 2 c?^(t)] 1 / 2 , where /, g are real integrable functions on 
83. 

By the complex inner product (1.2), applying Gram-Schmidt procedure to the 
following system 

{!) ^) % l • • • 1% : • • •}) 

where z G C, we get the unique system {$ n (z)} of monic orthogonal polynomials 
on the unit circle with respect to \x satisfying 

($n,$m)c = IS^Snm with K n > 0. (1.4) 

Then the orthonormal polynomials (p n (z) on the unit circle satisfy 

(Vn,fm)c = Snm and lfi n (z) = K n $ n (z). (1.5) 

For any polynomial Q n of n order, its reversed polynomial Q* is defined by 



Q*(z) = z n Q n (l/z). (1.6) 
One famous property of OPUC is Szego recurrence [5J, i.e., 

$ n+1 (z) = z$„(z)-a„^(z), (1.7) 



where a„ = — <& n+ i(0) are called Verblunsky coefficients. It is well known that 
o, n G D for n S NU {0}. By convention, a_i = —1 (see [3]). Szego recurrence (1.7) 
is extremely useful in the theory of OPUC. Especially, Verblunsky coefficients play 
an important role in many problems for OPUC. 

Using the real inner product (1.3) and Gram-Schmidt procedure to the following 
over R linearly independent ordered set 

r z — z^ 1 z + z^ 1 z n — z~ n z n + z~" \ 

l 1 '^^'^ - 2* ' 2 (L8) 

where z G C \ {0}, we get the unique system 

{1, 6i7ri(z), ai<ri(z), . . . , b n 7r n (z), a n a n {z), . . .} (1.9) 

of the first "monic" orthogonal Laurent polynomials on the unit circle with respect 
to \l fulfilling (see PQ) 

(7r m , cr„)a = 0, (w m , 7t„)r = (a m , o-„)r = 5 mn , m,n = 1,2,... (1-10) 

and 

fl n T n (z) = g (i n b n iT n {z) - i n a n ^xa n -\{z) - J n b n -i^n-i(z) + lower order 

(1.11) 

as well as 

z n — z~ n 

K^n{z) = — CnOn-ioW-iO*) - Cn&n-iTi'n-^z) + lower order, (1.12) 

where a n ,b n > 0, which are respectively the norms of the "monic" orthonormal 
Laurent polynomials given by right hand sides of (1.11) and (1.12), 

Pn = { 5 . & n l7r n)K) ( L13 ) 



and 



,Vl (r >»-i>K> 5" = ( 3 , 6 n -iTn-i)B (1-14) 



„:V„_i)m, Cn = ( , — A-i^-iV- (1-15) 
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Throughout, as a convention, take o~o = 1, no = and /?o = as well as 
ao = o = 1. 

In deed, identifying the unit circle with the interval [0, 2n) via the map — > e l9 , 
we get the first orthonormal trigonometric polynomials Tr n (9) and a n {9) for the 
linearly ordered trigonometric system 

{1, sin6>, cos#, . . . , sinn#, cos n0 7 . . .} (1-16) 

by the above process when z = e %9 , 6 [0, 2w), 

With above preliminaries, the relations of OTP and OPUC is stated by the 
following theorem. 

Theorem 1.1 (Mutual Representation [1]). Let p, be a nontrivial probability mea- 
sure on the unit circle SB = {z : \z\ — 1}, {l,7r n , o~ n } be the unique system of 
the first orthonormal Laurent polynomials on the unit circle with respect to fx, and 
{$ n } be the unique system of the monic orthogonal polynomials on the unit circle 
with respect to pL. Then for any z e C and neN, 

$2n-i(z) = z n-1 [a„o-„(2) + (f3 n + i)b n ir n (z)} (1.17) 

and 

4rMn(z) = \z n [a-\l + P n i)a n (z) - ib-^iz)}, (1.18) 

where K 2n is the leading coefficient of the orthonormal polynomial of order 2n on 
the unit circle with respect to /i and k 2 „ = H^nHc** an d a n,b n ,(3 n are given by 
(l.ll)-(l.lS). 

Set A„ = -iK 2 (l + (3 2 n ) + o,; 2 ]i, from (1.17) and (1.78), we obtain 
Theorem 1.2. 

a n a n {z) = —z-^K-H^iz^n-xiz) - (1 - M** 3n (z)] (1.19) 

and 

b n n n (z) = -^""[A-^-^l + n i)z$ 2n -i(z) - i®* 2n {z)\ (1-20) 
hold for n G N and zeC \ {0}. 

As some consequences, we have (see pQ) 
Theorem 1.3. 

«2„ = JkT 2 (l + #) + O (1-21) 

forn £ NU {0}. 
Theorem 1.4. 

«2»-l = l^nK 2 ~ «n 2 (l " ft)] ~ \^l< 2 $ n l (1.22) 

and 

C*2n-2 = -(« n ~ Cn + Al-Kra) ~ ^ C?" + ?n ~ Pn-lhi)i (!- 2 3) 

/or n e N. 

Proof. (1.22) is referred to [1]. (1.23) follows from (1.11), (1.12), (1.17) and the 
fact a 2n - 2 = -$2n-i(0). □ 

Since k 2 1 /k 2 1+1 = 1 - \a n \ 2 for n e N U {0}, by Theorem 1.3 and 1.4, we get 
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Theorem 1.5. 

^ n -i = k + ^(l + /9S)] _1 (1-24) 

/or n S N. 

Therefore, by (1.21) and (1.24), we obtain 
Theorem 1.6. 

lim a n b n = i exp [ logw(r) — ) (1.25) 

n—>oo 2 \Z7Tl /an T / 



(1.26) 



and 

lim [a* + b 2 n (l + (3l)] = cxp (-L / log^r) — " 
Proof. Note that H] 

lim K- 2 = exp (-L / log«>(T) — ), (1.27) 
then (1.26) follows from (1.24) while (1.25) follows from 

by (1.21) and (1.24). □ 

In addition, we also have 
Theorem 1.7. 

[< 2 (1 + /3 2 ) + b~ 2 ][al +1 + b 2 n+1 (l + P 2 n+1 )] 

+ («n+x ~ Cn+i + /3„<?„+i) 2 + (j„+i + <r«+i - /3««n+i) 2 = 4 (1-29) 
forn G MU{0}. 

Proof. It immediately follows from (1.21), (1.23) and (1-24) since ftln/^irt+i = 
1 — \&2n\ 2 for n6NU {0}. ' □ 



2. Analogous Theorems for Orthogonal Trigonometric Polynomials 

In present section, some analogous theorems appeared in the theory of OPUC 
for orthogonal trigonometric polynomials are discussed such as Favard, Baxter, 
Geronimus, Rakhmanov theorems and so on [H[S]. 

2.1. Favard Theorem. We begin with an OTP version of Favard Theorem. Favard 
theorem for orthogonal polynomials on the real line is about the orthogonality of 
a system of polynomials which satisfies a three-term recurrence with appropriate 
coefficients [H |3] . Its version of OPUC is called Verblunsky theorem and well known 
[4], that is, if {a4 ^}$£L is a sequence of complex numbers in D, then there exists 
a unique measure dfi such that a n (dfi) — an \ where a n (dfi) are the associated 
Verblunsky coefficients of dfi. 

For orthogonal trigonometric polynomials, by Verlunsky theorem, Theorem 1.3, 
1.4 and 1.7, we have 
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Theorem 2.1 (Favard theorem for OTP). Let {(a^ , b ( n ] , Pn ] )}n=o mth a Q ] , b o 0) = 
1 and (3q ^ = be a system of three-tuples of real numbers satisfying 

[(4 0) ) 2 + (6l 0) ) 2 (l + (^) 2 )][(«i°i) 2 + (d) 2 (l + (^r) 2 )] < 4(a(°)) 2 (6[°)) 2 

(2.1) 

with an\bn^ > for n G N U {0}, then there exists a nontrivial probability mea- 
sure d[i on <9B such that a n (dfi) = affl, b n (d[i) — bn^ and (3 n {dpi) = Pn \ where 
a n (dfi) , b n (dfi) , f3 n (dfi) are associated coefficients of dfj, defined by (1.11)-(1.13). 

Proof. For neNU{0}, define 



and 



.(0) 



(«i 0) )- 2 (l + (^ 0) ) 2 )+(foi 0) )- : 

(«ffii) a + (6Ki) a (l + 08Si) 2 ) 



(2.2) 
(2.3) 



Let 



„(°) 



then 



„(°) 



since 



* (0) 

*2n-l 



2 _ (41 4 -i( a l 0) )- 2 (^ 0) )- 2 
(41 4 



and a^,6n > 0. Note that (2.1) is equivalent to 



.(0) 
v 2n 



< 1. 



(0) 
K 2n+1 

Arbitrarily choose a sequence {c4??}nLo sucn that 



(2.4) 
(2.5) 

(2.6) 
(2.7) 



and fix it, then G SB for n G N U {0} by (2.6). 

Therefore, for the fixed sequence {a„ }%L , by Verblunsky theorem, there exists 
a unique nontrivial probability measure d/i on <9B such that 

a n {d^) = c$ (2.8) 

for n G N U {0}. Then for n G N U {0}, 

K n (dfj.) = 4°) (2.9) 

since «;„(d/x) = n"=o (1 _ l a j(dWI 2 ) -5 (see g]). 

Suppose that {$ n (<i/i, z)}^L is the sequence of monic orthogonal polynomials 
on the unit circle with respect to d/i, set 

En(*) = -^-"[(A( 1 ))- 1 (6l°))- 2 i^ 2n _ 1 (rf M , z) - (1 - /^^M, ^)] (2-10) 
and 

n„(z) = -iz-^(Al ))- 1 ( a l°))- 2 (l + /3i ^)zci> 2 „_ 1 (d A1 ,2)-z^Jrf M ,z)] (2.11) 



Z$2 n -i{d[i, z) = $ 2n (dn,z) +a^° ) _i"I > 2n-l( rf A 1 : z )- 

Hence by the orthogonality of $ n (d/i, z) and $* (dfx, z) (see [4]), we get 

(z ±j ,e„) r = (z ±J ,n„) R = o, j -0,1,..., 7i- i. 



Moreover, 



(4 0) ) 2 ^L + ^(4 n V 2 (i-/3i 0) ^), 

(z-",S n ) R = (al°)) 2 , 

(z",n„) R = (&(°)) 2 (/3(°) - i(«^)- a i, 

and 

follow from (2.9), (2.12) and the fact ||$„(d/j)|| 2 = ||**(d/i)||| = [K„(dju) 
well as (k&U) 2 ^) 2 = i(^°V 2 (^ 0) )- 2 . By (2.4), 



and 
So 



and 



as well as 



<^^,E„) R = (a(°)) 2 , (^_^,n„} R = (6(°)) 2 



S„) R — 



2i 

,n„) R = (6i 0) m o) . 
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for n e N and z e C \ {0}, where A^ 0) = -\ [(ai 0) )- 2 (l + {Pn ] ) 2 ) + (bi" ] 
Obviously, 

Ai 0) = -2(4°„ ) ) 2 i (2.12) 

By Szego recurrence and (2.8), 

2.13) 

2.14) 

2.15) 
2.16) 
2.17) 

2.18) 

-2 

as 
2.19) 

2.20) 
2.21) 
2.22) 

,y , — , t/ m. \- n j i~n ■ v 2.23) 

In addition, by straight calculations, it is easy to check that the coefficients of 
z n and z~ n in H n (z) are respectively ^ and — h whereas both of ones in E n (z) — 

/% n„(#) are |. Note that (2.14) and (2.22), this fact means that T, n {z) and IL„(z) 
are just the first "monic" orthogonal Laurent polynomials on the unit circle with 
respect to dfi, i.e., 

X„(z) = a n (dfj,)a n (dfi, z) and II„(z) = b n {d\i)-K n {d\i, z). (2.24) 

Since 

(a n (dn)a n (dfi),a n (df J L)a n (dfi))M = (^(dfj,), (2.25) 

(b n (dn)w n (dfi), b n (d(i)w n (dn))m = b 2 n {d^) (2.26) 

and 

, b n (dn)7r n (dfj,))» = b 2 n (dfj,)(3 n (dn), (2.27) 
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therefore, by (2.21) and (2.23), 

a n (dfi) = a^, b n (dfi) = b<®, /3„(d/x) =/?<?>. (2.28) 

□ 

Remark 2.2. Only for the sequence of three-tuples (a4°\ bn\ M 0) ) fulfilling (2.1), to 
get (2.28), the measure dfi is not unique since the sequence can definitely determine 
Vcrblunsky coefficients with odd subscript but ones with even subscript from the 
above proof. 
For n 6 N, set 

_n I — n 

in(dfi) = (— 2 , (ai°l 1 )- 1 ( r„_ 1 (d M )} R , (2.29) 

n I — n 

Jn(dfi) = (— 2 , (6i l 1 )- 1 7r n _ 1 (d M )) R , (2.30) 

^(d/i) = f ~* (4°l 1 )- 1 a„_ 1 (^)) K , (2.31) 

and 

Ud^) = ( 2 . , (foi°2 1 )- 1 7r„_ 1 (^)) R . (2.32) 
Then the measure dit is unique for the sequence of seven-tuples 

(4°), fef, (3^,i n (d^,j n (d^),, n (d^), C„(d/i)) (2.33) 
satisfying (2.1) by Theorem 1.4 and Verblunsky theorem. Since d/x is dependent 
on (a„ \ (3^ ) and z„ (d/x) , j„ (d/x) , <r„ (d/x) , (d/x) are dependent on d/x, a! '' and 
bn \ then the sequence of seven-tuples (2.33) satisfying (2.1) is dependent on the 
sequence of three-tuples (a^ , bn^ , 13^) fulfilling (2.1). Considering the uniqueness 
of d/i for the sequence of (2.33) with (2.1), we call that d/x is selectively unique 
for the sequence {(al°\ bn\ Pn^)}"^Lo satisfying (2.1) and a„\ bffl > as well as 
a^,b^ = l and [3^=0. 

2.2. Baxter Theorem. Let 

c n = [ r"d/x(T), n€NU{0} (2.34) 
Jen 

be moments of /x, Baxter theorem for OPUC states that X^^Lo l a ™ I ^ ^ if ano - om y if 
Y^=o l c ™l ^ and d/x(r) = w(t)t^7 with u>(t) continuous and min T6 9D io(t) > 0. 
For orthogonal trigonometric polynomials, we have 

Theorem 2.3 (Baxter theorem for OTP). Let fi be a nontrivial probability measure 
on dH), a n ,b n ,p n be the associated coefficients given in (l.ll)-(l.lS) and c„ be the 
moments of /i defined by (2.34), then 



f^X/l- \[an 2 (l + HI) + bn 2 ][al +l + bl +l (l + (3l +l )] 



n=0 



^ K + %(l+/%) 2 + 2 a 2%(/%-l) 

\ „4 ,1,4/, , fl2\2 , O n 2 h 2(fi2 , 1\ ^ °° 



n=0 



^ + ^(l+^) 2 + 2462 (/3 2 + 1) 

min re aDw(r) > 0. 



is equivalent to J2^Lo\° n \ < ^ an< ^ ^M( r ) = w ( T )^ff w ^ W ( T ) continuous and 



s 
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Proof. It immediately follows from Theorem 1.3, 1.4 and 1.7 as well as the Baxter 
theorem for OPUC. □ 

2.3. Geronimus Theorem. To discuss Geronimus theorem, it is necessary to in- 
troduce some basic notions of Schur algorithm (see [1]). 

An analytic function F on B is called a Carathcodory function if and only if 
-F(O) = 1 and ^RF(z) > on D. An analytic function / on D is called a Schur 
function if and only if sup z6D < 1. Let 

F(z)= [ ^^dn(r) (2.36) 

JdB> T — Z 

be an associated Caratheodory function of [a, then 

is a Schur function related to /i. 

Starting with a Schur function /o, Schur algorithm actually provides an approach 
to continuously map one Schur function to another by a series of transforms of the 
form 

, , , _ 1 /nfc) ~7n 
Jn+l(Z) — ~- — 



*l-7n/n(2)' (2.38) 
,7n = /»(0). 

/„ are called Schur iterates and 7„ are called Schur parameters associated to fo. 
Due to Schur, it is well known that there is a one to one correspondence between 
the set of Schur functions which are not finite Blaschke products and the set of 
sequences of {7n}^L in D. Geronimus theorem for OPUC asserts that if fx is a 
nontrivial probability measure on 9D, the Schur parameters {7„}^L associated 
to fo related to fi by (2.36) and (2.37) are identical to the Verblunsky coefficients 
{ a n}5^Lo- 

For orthogonal trigonometric polynomials, we have 

Theorem 2.4 (Geronimus theorem for OTP). Let /i be a nontrivial probability 
measure on dH>, if j n are Schur parameters and a n , b n , (3 n , i n , j n , <r„, £„ are 
coefficients associated to /i defined by (1.11)-(1.15), then 

al-bj{l-Pl) _ 2bjp n 
72n " 1 al + bUl+f3l) al + bl(l + (3l) K ■ > 

and 

72n-2 = -jiln ~ Cn + Pn-lSn) - jjOn + S n ~ /?n-l«n)« (2-40) 

for n e N. 

Proof. It follows from Theorem 1.3 and 1.4 as well as Geronimus theorem for OPUC. 

□ 

2.4. Rakhmanov Theorem and Szego Theorem. Let d/i have the decomposi- 
tion form (1.1), {ct n }n° = o be the Verblunsky coefficients of fi, Rakhmanov theorem 
for OPUC states that if w(r) > for a.e. r € <9B, then lim„^oo \a n \ — 0. From 
this theorem, the OTP version of Rakhmanov theorem is the following 
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Theorem 2.5 (Rakhmanov theorem for OTP). Let /i be a nontrivial probabil- 
ity measure on dV) with the decomposition form (1.1), a n ,b n ,(3 n be the associated 
coefficients of \i given in (1.11)-(1.13). If w(t) > for a.e. t G 5B, then 

y ai + bUl + l%) 2 + 2a 2 n b 2 n (J%-l) _ 

and 

lim \[a- 2 {\ + (3 2 n ) + b- 2 ][a 2 n+1 + b 2 n+1 (l + /? 2 +1 )] = 1. (2.42) 

Proof. Immediate from Theorem 1.3, 1.4, 1.7 and Rakhmanov theorem for OPUC. 

□ 

Szego theorem for OPUC shows that 

[](l-| a „| 2 )=exp(— / log^T)-). (2.43) 
„=o v ^.Vao T 7 

Especially, 



n=0 

Its analog for OTP is 



V |a„| 2 < oo 4=> -!- / logw(T)— > -oo. 

f— ' 27TI J aD T 



(2.44) 



Theorem 2.6 (Szego theorem for OTP). Let [i be a nontrivial probability measure 
on $0 with the decomposition form (1.1), a n ,b ni (3 n be the associated coefficients of 
H given in (l.ll)-(l.lS). Then 

ft ^l^^}^ = -P (± f log^Y (2.45) 

In particular, 

f; {l - J[a- 2 (1 + /? 2 ) + 6- 2 K +1 + & 2 +1 (l + /3 2 +1 )]| 

n=0 ' - 1 



4+ #(1 + /3 2 ) 2 + 2a 2 fr 2 (fJ 2 - 1) 
+ ^ < + 64 (1 + PlY + 2albl{[3l + 1) [ ■ > 



n=Q 



is equivalent to — !— f log it; (r) — > — oo. 

27TI fg T 

Proof. By Theorem 1.3, 1.4, 1.7 and Szego theorem for OPUC. □ 

2.5. The Strong Szego Theorem. Let dfi have the decomposition form (1.1) 
satisfying the Szego condition 

1 F d 
— / log W (T)— > oo, (2.47) 

it is accustomed to introduce the Szego function as follows 

D(z) = exp (-L f I±l log W (r)-). (2.48) 

V 47T? J gi} T - Z T / 
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It is easy to get that D(z) is analytic and nonvanishing in D, lies in the hardy space 
iJ 2 (E)) and lim rT i D(rr) = D(r) for a.e. r e <9B as well as \D(t)\ 2 = w{t). Let 

1 ^ 

D(z) = exp (-U + L n z n ) , zeD. (2.49) 

n=l 

Due to Ibragimov, the sharpest form of the strong Szego theorem for OPUC (see 
[4]) says that 

oo oo 

n\a n \ 2 < oo ^=> dfj, s = and V] n\L n \ 2 < oo. (2.50) 

n=0 n=0 

The corresponding result for OTP can be stated as follows 

Theorem 2.7 (The strong Szego theorem for OTP). Let /i be a nontrivial probabil- 
ity measure on <9D with the decomposition form (1.1) satisfying the Szego cindition 
(2.47), a n ,b n ,(3 n be the associated coefficients of /1 given in (1.11)- (1.13), and 
{L„}^q be the Taylor coefficients of the Szego function D(z) at z — which are 
defined by (2.48) and (2.49). Then 
00 , 

£>U - tKT 2 (1 + ft) + KVn+i + b 2 n+1 (l + (3 2 n+l )\ 



n=0 



+ - !) „4 , ^n+^ + o^^, n < 00 ( 2 - 51 ) 



.a4+64 (1+/3 2 )2 + 2a 2 6 2 (/3 2 +1) 

is equivalent to dfi s = and X)^°=o n l-^™| 2 < 00 • 

Proof. From Theorem 1.3, 1.4, 1.7 and the strong Szego theorem for OPUC of the 
form (2.50). □ 

In the above, by the mutual representation theorem for OTP and OPUC, we give 
some analogous theorems for orthogonal trigonometric polynomials corresponding 
to ones for orthogonal polynomials on the unit circle. In fact, by the mutual 
representation theorem, we can obtain more corresponding results for orthogonal 
trigonometric polynomials. For example, the important and useful Bernstein-Szego 
measure can be expressed in terms of orthogonal trigonometric polynomials as 
follows 

4 + ^(1+/^) do 



d[J,r, 



.„ = 2m — 1 

\a m a m (8) + (f3 m + i)b m TT m (9)\ 2 2tt' 

a2 m b2 m 1 & n = 2m 

■b 2 m (l + l3l) \a^([3 m -i)a m (e)-b^n m (e)\ 2 2ir' 
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